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I. INTRODUCTION
The notions of an event horizon, (EH), and stationary limit surface,
(SLS), are important concepts in black hole physics. The former requires no
comment, while the latter is less well-known. The SLS geometrically bounds
a region outside the EH known as an ergosphere. Inside the ergosphere a test
particle cannot travel along the orbit of a timelike Killing vector and remain
at rest1, and the red shift is infinite on the SLS2.
While surface area of an EH has been related to the entropy of a black
hole3, that of the SLS has not been given a physical interpretation. In this
note our approximate evaluation of the area of a SLS suggests a reinterpre-
tation of the area of an EH.
II. THE KERR BLACK HOLE
Employing the original form of the uncharged Kerr solution4,5, (KS), ex-
pressed in spherical polar coordinates (θ, φ), the angular part dω2 of the line
element ds2 is given by
dω2 = ρ2dθ2 + sin2 θ
[
r2 + a2 +
2mr
ρ2
a2 sin2 θ
]
dφ2 (1)
where
ρ2 = r2 + a2 cos 2 θ (2)
with 0 < θ < pi, 0 ≤ φ ≤ 2pi. This expression employs geometric, or
relativistic, units in which the speed of light and the Newtonian gravitational
constant are unity. Quantity a is then the angular momentum J per unit
mass of a spinning particle of mass m. Note that a 6= 0 for the KS, and when
a = 0 the KS reduces to the Schwarzschild solution, (SS).
Rewriting (1) as
dω2 = γAB dx
AdxB (3)
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where xA = (θ, φ), A = 2, 3, the area A of the corresponding 2-dimensional
(angular) surface is given by
A =
∫
2pi
0
∫ pi
0
√
det γAB dθdφ. (4)
Inspection of det γAB shows that it is independent of φ, so consequently
(4) reduces to
A = 2pi
∫ pi
0
√
det γAB dθ. (5)
III. SURFACE AREAS OF THE EH AND SLS
By definition, for an EH
r = rEH = m+
√
m2 − a2 (6)
and for a SLS
r = rSLS = m+
√
m2 − a2 cos2 θ (7)
Then, upon using these values of r in (5), one obtains expressions for the
respective surface areas AEH and ASLS. Of course, for the SS, since a = 0
the EH and the SLS coincide.
Evaluation of (5) for the EH is elementary, and one immediately obtains
AEH = 8pim
(
m+
√
m2 − a2
)
. (8)
However, the evaluation of (5) for the SLS is non-trivial, and involves the
integral
ASLS = 4pim
∫ pi
0
rSLS
√
1 +
a2
mrSLS
sin2 θ · sin θ dθ. (9)
The difficulty calculating this is obvious since rSLS involves θ, and appears
twice in the integrand!
To the best of our knowledge, no one has succeeded in evaluating the
integral (9) in closed form. It is perhaps noteworthy that in his treatise5
Chandrasekhar calculated AEH and gave the result (8), but made no com-
ment about the evaluation of (9). Indeed, he did not even cite an approximate
expression for ASLS.
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IV. AN APPROXIMATE EVALUATION OF ASLS
Since the expression (9) seems to be intractable it is natural to seek an
approximate determination of ASLS.
Fortunately, both the uncharged KS and the ‘No Hair’ theorem require
that
m2 − a2 ≥ 0, (10)
and this permits us to obtain an approximate expression for ASLS. The
elementary inequality, which is easily proven,
a2/m2 ≪ 1⇒ a2/mrSLS ≪ 1, (11)
then permits us to do a binomial expansion
(1±X)1/2 ≃ 1± 1
2
X, (12)
with X ≪ 1, for the radical in rSLS.
For ASLS this expansion must be used twice. First, expansion of the
radical in the integrand yields
ASLS ≃ 4pim
∫ pi
0
rSLS
(
1 +
a2
2mrSLS
sin2 θ
)
sin θ dθ (13)
which we split into two integrals:
ASLS ≃ 4pim
{∫ pi
0
rSLS sin θ dθ +
a2
2m
∫ pi
0
sin3 θ dθ
}
. (14)
The first integrand in (14) requires a second expansion,
∫ pi
0
rSLS sin θ dθ ≃ m
∫ pi
0
(
1− a2
m2
cos2 θ
)1/2
sin θ dθ
≃ m ∫ pi
0
(
2− a2
2m2
cos2 θ
)
sin θ dθ
= m
(
4− 1
3
a2
m2
)
;
while the second integral in (14) is elementary
a2
2m2
∫ pi
0
sin3 θ dθ =
2
3
a2
m2
.
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Adding these two expressions and multiplying by 4pim, we obtain
ASLS ≃ 16pim2 + 4pi
3
a2 (15)
which is our approximate evaluation of ASLS.
V. A GEOMETRIC REINTERPRETATION OF AEH AND ASLS
Although we have the exact value of AEH exhibited in (8), since we have
only an approximate value for ASLS, it seems natural to consider what our
approximation procedure gives for AEH. This is easy, and by using (12) in
(8) we obtain
AEH ≃ 16pim2 − 4pia2 (16)
which invites a comparison with (15). By recalling that the usual Euclidean
surface area of a sphere is
4pi(radius)2,
we observe that
16pim2 = 4pi(2m)2 = 4pir2S, (17)
where rS = 2m is the Schwarzschild radius.
This suggests calling the expression in (17), which is the common value
of AEH and ASLS for the SS, the Schwarzschild area
AS = 4pir
2
S (18)
Of course, for the KS the expressions (15) and (16) are more complicated.
However, both the second terms on the right hand sides of these expressions
involve the ubiquitous factor of 4pi. This suggests introducing the notion of
an angular momentum sphere having a 6= 0 as a radius, since dimensionally
in geometrized units a is a length. Such a sphere has the Euclidean surface
area
AJ = 4pia
2, (19)
and hence we can rewrite (16) and (15) as
AEH ≃ AS −AJ
ASLS ≃ AS + 1
3
AJ . (20)
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These show, as is to be expected, that ASLS > AEH with ASLS = AEH
only for the SS. The values of AEH and ASLS given in (20) are surprisingly
close in contrast to the usual pictorial illustrations of the ergosphere given
in the literature.
VI. NUMERICAL EVALUATION OF AEH AND ASLS
Since the approximate values of AEH and ASLS in (20) are curiously
close and tantalizingly simple, one wonders whether this is accidental, or
quite sensible. While our use of the binomial expansion (12) seems sensible,
are we justified in omitting the higher order terms?
To answer this question we have done a numerical computation of AEH
and ASLS by using Mathcad
6. This computes definite integrals by using a
Romberg algorithm which accelerates the convergence of a sequence of sim-
ple trapezoidal / midpoint approximations of the value of the integral by
extrapolating both the sequence of estimates and the widths of the subinter-
vals. Since our goal is to check the accuracy of the expressions given in (20),
we will use the values of a and m given by Shapiro and Teukolsky7, and let
Mathcad choose the method of evaluation with an automatic default setting
of 0.001.
Then in geometric units: m = 1.478×105cm, J = 4.034×109cm2 so that
a = 2.73× 104cm, and
a/m = 0.185.
Upon direct calculation (15) gives
ASLS = 1.101× 1012cm2,
while Mathcad’s evaluation is
ASLS = 1.094× 1012cm2.
Upon taking the latter to be ‘exact’ this yields an error of 5.797×10−3cm2,
i.e. 0.58%.
Likewise, upon direct evaluation (16) gives
AEH = 1.089× 1012cm2
while evalution of the exact expression (8) yields
AEH = 1.089× 1012cm2,
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and the error between these is 8.128× 107cm2, i.e. 0.008%.
This numerical comparison gives us confidence in the accuracy of the
approximate value of ASLS displayed in equation (15).
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